Relativity implications of the quantum phase

Stephen G. Low

“So if one asks what is the main feature of quantum mechanics, | feel inclined now to say that it is not noncommutative
algebra. It is the existence of probability amplitudes which underlie al atomic processes. Now a probability amplitude is
related to experiment but only partially. The square of the modulus is something that we can observe. That is the probability
which the experimental people get. But besides that there is a phase, a number of modulus unity which can modify without
affecting the square of the modulus. And this phase is al important because it is the source of al interference phenomena

but its physical significanceis obscure."
Dirac, 1972
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Preamble: Special relativistic guantum mechanics

Wigner has shown that special relativistic quantum mechanics can be understood in terms of
the projective representations of the inhomogeneous L orentz group*

Physical states ¥ areraysin aHilbert space H. Rays are equivalence classes of states

W =1g)eV if 1§) =€“ly), |¥), |§)eH,

[¥|P= iy =(@1d)

Representations of groups acting on the physical states are also defined up to a phase. These
are projective representations.

The inhomogeneous Lorentz group is
I7LA, n) ~ L1, n®sAN+ 1), n= 3 physical case

L(1, n) isthe Lorentz group and ‘A(n) is the abelian trandation group A(n) ~ (R", +). Itis
amatrix group. I' € 7.L(1, n)
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*See for eg. Weinberg Chapter 2 of QFT volume |
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Projective representations

The projective representations are calculated using a cornerstone theorem:

Theorem (Wigner, Bargmann, Mackey, Weinberg): A projective representation of a Lie
group is equivalent to a unitary representation of the central extension of the group

Mackey has shown us how to compute the unitary representations of a general class of
semidirect product groups

The central extension has an algebraic aspect and a topological aspect:

Algebraic: Construct the Lie algebrathat results from adding the maximal number of central
generators (that commute with all other generators) to the origina Lie algebra without
breaking the Jacobi identities

[Xar Xpl = Co 3 X+ Mogs [ Xy Mgl =0

Topological: Take the cover of the resulting group

It turns out that for the inhomogeneous Lorentz group, that you cannot add any algebraic
central elements and so the central extension, that we call the Poincaré group, is just the
cover

TL1,n=~L1 nN®sAN+1)
and Z(1, 3) ~ SL(2, ©).
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An aside: More on central extensions

Algebraic extensions occur in other cases. For example, in the nonrelativistic limit, the
L orentz group contracts to the inhomogeneous special orthogonal group

L1, n) 2 EN) = 7SO(N) ~ SO(N) ®s A(N)

where A° € 7SO(n)

. (RO .
A —(V 1), Re SO(h),veR

And the inhomogeneous L orentz group becomes
7L, n 2 T7EMN) = ISO(N) ®s AN+ 1)

This group admits a central generator M that we identify with mass, and the centrd
extension isthe Galilel group.

The central extension of the abelian group by itself is
[Xa» Xgl =0+ My, [Xe Mag] =0

Jacobi identities are identically satisfied; the extension is 22 dimensional

2
[[XCM Xﬁ]’ MK,’)/] = O’ [[Xm MK,'y]; Xﬁ] =0 etc
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The Casimir invariants and wave equations

The Casimir invariants are what are invariant under the action of the group and the algebra

[Xe, Cal =0
For n = 3, the Poincaré has two Casimirs
Co=P2=12P Py Py, Cs=n*PWoW,

where
W, = Gg’c’d I—b,c Py,

and {L,p, P,} are generators of the algebra of the Poincaré group

Hermitian representation (that are observables) of the algebra correspond to the unitary
representation of the central extension of the group

The representations of the Casimir's are also Hermitian operators and their Casimir's are
mass and spin

Colyy = P2y = 1Y), Calv) = mEs(s+ 1) )

Mackey representations lead directly to the Klein-Gordon, Dirac, Maxwell, .... wave
eguations
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Where is the Weyl-Heisenberg group and algebra?

This truly one of the most beautiful results in physics. From a basic matrix group and the
observation that physical states are rays in a Hilbert case, out tumbles special relativistic
guantum mechanics:

the Hilbert space of inertial states over the mass shells
the unitary representation of the group that transforms between inertial states
mass and spin as Casmir eigenvalues labeling the unitary irreducible representations
and the wave equations. Klein-Gordon, Dirac, Maxwell, ....
Except for onething..... whereisthe Weyl-Heisenberg group?
What makes quantum mechanics, qguantum mechanics?
The Helsenberg commutation relations are the Hermition representation of the Lie algebra
of the Weyl-Heisenberg group

[P Q] =ina6i;l, [ET]=-inl

and

@ Pl =i y@t, @tUEW =-i%Zu@D

Thishasto be put in 'by hand’ in the above derivation
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The Weyl-Heisenberg group
The Weyl-Heisenberg group

H(N) =~ AN) Qs AN+ 1)
iIsareal matrix group, p, g€ R", (eR
(1, O 0 g )
O 1, O p Y0,q,0) e AN+ 1)

Y(p. 6.0 = ot —g 1 2. Y(p, 0,0 € AN
.0 0 O 1)
Differentiate to get the matrix algebra
(0 0 0 g (0 0O O 1)
Z g POl = O 0 0 p b _ OO0 0O
pb —g 0 2. 0-100
0 0 0 0 ) .0 0 0 0)

This satisfies the Weyl-Heisenberg algebra
[Pi, Qj] =4i ;|
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The Weyl-Heisenberg group central extension
The algebramay be written with {X,} = {P;, Qi} a, 8=1, ..2n

[Xar Xpl = Lapl, [éa,ﬁ]=((31n (l)n)

This is a 1-parameter central extension of the algebra of A(2n) that is the group of
translations on phase space.
The full 252 dimensional central extension of A(2n) is

[XQ1 X,B] — Ma/,,Ba [XK1 Ma/,,B] — O
with the 1-parameter case
Mo =Clopl.
Therefore, from the corner stone theorem:

The unitary representations of the Weyl-Heisenberg group are a particular projective
representation of the abelian trangation group A(2n) on phase space

The projective representation “is quantization”.
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Unitary representations of the Weyl-Heisenberg group

The unitary representations result can be calculated from the Mackey theorems
The Hilbert spaceis L4(R", C) and the Hermitian representation of the algebra

@l Pily) = i 5 vn(@),  <al Qi o) = G (@)

The 1 parameter central extension is not the most general projective representation.

What is constraining it?
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Largest group consistent with Heisenberg commutation
relations

A unitary operator U representing a group element U € G transforms states as

@y =0 )
and a Hermitian operator transforms as
X' =0x0™

and in particular
pi=0PU

Now, we want the Heisenberg commutation relations to be preserved under the transforma-
tion so that the uncertainty principleisvalid in all statesrelated by U

NN, AT A AT
| P, Q| =U]| R, QU

Y ou can 'peel’ off the representation and return to the finite real matrix Lie algebra
| Pi Q] =UIP, QU™

This means that U is an element of the automorphism group Autsn Of the Weyl-
Heisenberg group and algebra.

Q=060 P=0107 =1
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The Weyl-Heisenberg automorphism group
The automorphism group is
Aulg(n) ~ DRsSp2N)QsH(M), D=~(R*, X)

The inhomogeneous symplectic group is a symmetry of the phase space classicd
Hamilton's mechanics

ISp(2n)~Sp(2n)R®sA(2N)
A calculation shows that its central extension (required for projective representations) is
I8p2n) =~ Sp(2n) @sH(N)

As aresult of the symplectic symmetry the most general representation of the abelian group
IS the unitary representations of the Weyl-Heisenberg group.

ﬂutq{(n) ~ P ®SISP(2 n)

The projective representations of D ®s 7 Sp(2n) are the unitary representations of Aut ¢
The Mackey nonabelian theorems show that the Hilbert space is LAR", H) with wave
functions () or y(p) not ¥ (q, p)
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Extended phase space

The exact same analysis applies on extended phase space where the Heisenberg
commutation relations are

[P, Q=in6,T, [T, E]=ini

The classical symmetry on extended phase spaceis
ISp(2n+2) ~Sp2n+2) Qs A(2N+ 2)
These are the unitary representations of the central extension
Autppin =~ D®sISp2Nn+2) =~ DR®sSp2N+2) Qs H(N+ 1)

DRsISp(2n+2) Is the largest group for which its projective representations define
Heisenberg commutation relations that are preserved under all transformations of the
representation acting on the Hilbert space

Both the Poincaré and Galilei groups are subgroups of  Auteny1) that
transform between inertial states

But Poincaré and Galilei are not the most general relativity groups consistent with the
Helsenberg commutation relations
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The relativistic line elements and groups
The Minkowski metric is now degenerate line element on extended phase space P ~ R?"*?

0
d?=di-tda?, (7 )

00
just as Newtonian time is degenerate on spacetime and extended phase space
1000
2 n° 0 - o_|0000O
dt-, (O O)Wlthn_oooo
00O0O

This leads us to conjecture the nondegenerate Born metric with signature (2, 2n)

0
d$=0e- Lagi g (Ldez-app), (1 °)

The homogeneous group that leaves the Born line elements invariant that is a subgroup of
the Weyl-Heisenberg automorphism group is
UL N=2DRISp(2n+2)(O(2, 2n)

Thisistherelativity group for any physical state, inertial or noninertial

The Lorentz inertial group isasubgroup £(1, n) c U1, n)
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Doesn’t General Relativity address noninertial states?
A particle that isin an ‘apparent’ noninertial state due to the ‘force’ of gravity is actually in
alocally inertial state on a curved space time

In a purely gravitating system, al particles follow geodesics that are locally inertia
trajectoriesin this curved space-time

Neighboring clocks are related by the metric that now depends on the location in space-time
The connection trand ates between neighboring locally inertial frames

There are ‘no forces only geometry (\Wheeler)

There are no noninertial states, only locally inertial states

But this does not address the noninertial state of a particle that is say an electron in a
magnetic field

There is no known way to geometrize this force. (This has been searched for extensively).
How arethe clocks of these noninertial statesrelated?

Thiswhat reciprocal relativity addr esses.
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Reciprocal relativity: time dilation and null hypersurface
The Born metric on extended phase space P ~ R*™? s
d? =dt?*— 5 dg?+ & (5 de?-d p?
—wﬁu—@¢+é(r2fﬂ
velocity: v = 4, power: r = 9€ force: fi = O('j—'i’
The noninertial motion affects the clocks of an observer

dt = > f2 - ds
r
\/1_V 2 T

{c, b, 4} aredimensional scalesthat give Planck scales {A, Aq, Ae, Ap}by solving

M _ o= A — = Ao Ae
Tt—c— Ap’ Aqkp—h—).t).e, A —b— q

with b = %4 Ingeneral G = ag C—; with ag free parameter of the theory

The null hypersurfaces that define the past and future cones are defined by

_ V2 fe r 2
O0=1-F-w+am
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Reciprocal relativity null hypersurface

v?2 fz2 _
gtw=ltem

Time

Future cone

Momentum

]
Past cone

Light is on the null cone
v=dq/dt and f= dp/dt are bounded

Cone flattens with increased r, increased noninertial

April 16, 2009
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Relativity implications of the quantum phase
Quantum theory defined by the projective representations of the inhomogeneous unitary
group

TUD, N =UL NRsA2N)

These are the unitary representations of the quaplectic group
QL n) =TUD n =T nsHN + 1)

Requires the full power of the nonabelian Mackey theorems:

the Hilbert space of statesis L[R2, H)
wave functions are functions of commuting subset of H(n+ 1),

not the full phase space

Y(t, ), y(e, p), y(t, p)ory(e q) “Not ¥(t, g, e p)°
the mass shell is statistically determined by the wave function,

it is not a hypersurface
the unitary representations of the group transforms between noninertial states
the Hermitian representations of the Casmir invariants result in the wave equations

that are - ‘spinning relativistic oscillators
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The physical limits
This must yield the expected theory in the limit of small interactions, b — co
The line elements and InGnU-Wigner group contractions are

Born Minkowski Newton
Lineelement ds’ — dr? — dt?
Inhomogeneous Group 7U(1, n) T I La(l, n) — T Ha(n)
Inertial Subgroup ITL(,n) T ITL(,n) p— yrs(a)

where

La(1, n) ~ L1, n) ®sA(M), m= D02

Ha(n) ~ SO(N) ®s H(N)
Projective representations of 7 La(1, n) are unitary representations of La(1, n) @sH(n + 1)
The unitary irreducible representations contain the projective representations of 7 £(1, n)
These aretherepresentationsthat describe special relativistic quantum mechanics

Hamilton’s mechanics results from the full contraction of small interaction force f /b
and velocity v/c
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Comment on quantum Hamilton group

We expect the quantum theory to be the projective representations of the Inhomogeneous
Hamilton group

THa(n) ~ Ha(N) @A (2n+ 2) where Ha(n) = SON) ®sH(N)
These are the unitary representation of the central extension
THa(n) ~ Ha(n) @sH(n + 1)

There are three central elements.
| from the extension of A(2n+2) toH(n+ 1)
M that is mass, the Galilei group istheinertial subgroup of this group
A that has dimensions of 1/tension. What is this?
A Interacts through a non-inertial generalization to usual ‘nonrelativistic’ spin
It isareciprocal mass that embodies energy Ab? just as mass embodies energy M c?
In the full reciprocal relativistic theory they combine into an oscillation

This is a definitive prediction of the theory - it is in the ‘nonrelativistic’ domain and is a
‘residue’ of the full theory- it should be possible to detect
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A ‘Missed opportunity’ theorem of Hamilton’s equations
Thisistheb, ¢ - oo, 70 limit.

Theorem: Let P~R“™? be extended phase space with a symplectic 2-form
w=-deadt+dp Add and degenerate line element y° = d t?

Then, adiffeomorphism ¢ on P leaving invariant the symplectic 2-form and line element

90*0):6(), (,0*”}/02”}/0
are Hamilton' s equations and these have a HSp(2n) ~ Sp(2n) ®sH(N) symmetry.

Proof sketch:  The Jacobian of the transformations ¢ must be elements of the group
preserving the symplectic metric and line element.

Can show directly that the symplectic and affine invarianceis
HSp(2n) ~Sp(2n+2) (1 IGL2n+1,R)

Hamilton's equations follows directly from Jacobian [ £ = T € HSp(2n)

Dyson speaks of “missed opportunity” theorems in his 1972 Gibbs lecture. This fits his
description.
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PHY396T: Topics in Particle Physics

Applications of Lie groupsin physics
Stephen Low, T/Th 1.5hrs www.stephen-low.net

Topicsinclude

Start with an introduction to Lie groups and algebras, including matrix groups, and examples
relevant to physics

Includes automorphisms, semidirect products, central extensions, Casimir invariants, |nont-
Wigner contractions, etc

Representation theory for quantum physics. Projective representations, Mackey theorems
for the unitary representations of semidirect product groups including:

Unitary representations of the Weyl-Heisenberg group, projective representations of the
Inhomogeneous L orentz and inhomogeneous unitary groups

Equip you with the group theory and representation tools to understand, evaluate and
contribute to new theories based on a group approach such as the theory outlined

About two thirds of the material will be established material and about one third research
material

Assignments that work through the concepts. Goal is for the latter third of the course to
have some tractable assignments with potentia publishable content for papers
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A final thought

“The miracle of the appropriateness of the language of mathematics for the formulation of
the laws of physicsisawonderful gift which we neither understand nor deserve".

E. Wigner, “The Unreasonable Effectiveness of Mathematics in the Natural Sciences’,
Comm. P. and App. Math., 13, 1960

Acknowlegements:
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Summary

Quantum phase reguires projective representations

Projective representations are unitary representation of central extension

A one parameter central extension of the abelian tranglation group on phase space is the
Weyl-Heisenberg group

The central extension of the inhomogeneous symplectic group is the automorphism group of
the Weyl-Helsenberg group

Projective representations of abelian trandations on phase space are the unitary representa-
tions of the Weyl-Heisenberg group

The unitary representations of the automorphism group gives the largest Hilbert space and
unitary representations for which the Helsenberg commutation relations hold

Relativity, that defines time and simultaneity. requires a orthogonal line element.

The Minkowski line element is degenerate, the Born line element is nondegenerate
Thisresultsin arelativity theory of noninertial (and inertial) states

The quantum theory is the projective representation of the inhomogeneous unitary group

The ‘nonrelativitic’ classical limit is Hamilton's equations that describe classical noninertial
states

Quantum theory in the limit has central extensionsof |, M, A and A is atestable prediction
of the theory
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Planck scales
The dimensional scale b appears in the Born line e ement
1 (1
2 2
d< = dt —gdq ‘o (—de —dp)
The usual three dimensiona scale constants are taken to be {c, G, #} in terms of which the
Planck scales {At, Ag, Ap, Ae} Can be written

A = V %’Aq: V ﬁ1AI3: \/ h_c3, Ae:\/ %
These Planck scales satisfy the relations

Mooz e — i = Ap
Tt —C— Ap’ Aqkp—h—ltle, At

C4_Ae

G ~ A

from which the Planck scales may be derived.
Wetake {c, b, #i} to be the three dimensional scale constants
L =b=

q
4

from which the Planck scales can be derived and G = ag %
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The Weyl-Heisenberg

automorphism group

Thisis equivalent to the group automorphism, Y, Y’ € H(n),

Y=UYU-?
Expanding
(1, O 0 g ) (1, O 0 g )
0O 1 O p O 1, O
t Int P =Ul rlt " U
pt —-qt 1 2/ pP - 1 2
0 O 01 ) .0 0 0 1)
Then asimple matrix multiplication calculation results ‘schematically'
( 0 )
A ; ?)
U = , A 2N
(0 0 0 1)
(Thereis also conformal scaling and discrete symmetry)
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Reciprocal relativity noniniertial transformation equations
Observers that are in noninertial states measure different spacetime subspaces of extended
phase space
Time, position, momentum and energy ‘mixed’ by the unitary transforms
Measurement of length, time, momentum, energy relative to noninertial state
Theinertial rest frame isrelative to the noninertial observer

dSZ:dTZ+éC2d,u2

= Napd x*d X + % mapd p?d p°

dx@=Agdx"— & MRd pP A -1
d p?= Agd p° + M2d x°, (

Inertial special case
dx®=A2dx° A O
d p? = A2d p° (
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The I?v{a(n) Casimirs

Ci=1,C=M, C3=A
C,=TT-IR
Cs=C2B;; B,

where
C=C,C3+Cs=-AM +T? - IR,
Bij=J;+< Dij

C is a Casimir invariant as any polynomia combinations of a Casimir is a Casimir

and the D; j are given by

Dij=AD!+M D? +RD?+ | D} + T(D?; + D)
where

Di;=GjPi-GPj, D} =FjQ-FiQ

D} =P Q;-P;Q, D} =FGj-F;G,

DY =FiPj-FjP;, Dfj=GiQ;-G;jQi
In the limit A — o, this reduces to the usual inertial Galilean Casimirs
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