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Introduction
Hamilton's equations have a symmetry

 2 n   2 n s n .

where  2 n is the usual symplectic real matrix group on phase space and  n

is the Weyl-Heisenberg group is the normal subgroup parameterized by velocity,
force and power.
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Introduction
Hamilton's equations have a symmetry

 2 n   2 n s n .

where  2 n is the usual symplectic real matrix group on phase space and  n

is the Weyl-Heisenberg group is the normal subgroup parameterized by velocity,
force and power.

The homogeneous Galilei group  n parameterized by rotations and veloc-
ity transforms is a subgroup

 n  2 n .
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Theorem
Let  be a nondegenerate closed symplectic 2-form and ° a degenerate orthogo-

nal line element on extended phase space   2 n2.

Let  be a diffeomorphism  :    that leaves the closed symplectic two form

and the degenerate orthogonal line element invariant:

   , °   °

This is equivalent  locally satisfying a first order set of differential equations

that are Hamilton's equations.

Furthermore, these equations have the symmetry group

 2 n   2 n s n .

where  2 n is the usual real symplectic subgroup on phase space and  n is

the Weyl-Heisenberg group is the normal subgroup.
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Preliminaries and notation
Local coordinates z    2 n2

z1, ....z2 n, z2 n1, z2 n2  y1, ... y2 n, e, t , y1, ... y2 n  p1, ... pn, q1, ... qn

where a, b  1, ..., 2 n  2, ,  1, ... 2 n,

Darboux's theorem: locally the symplectic metric always can be put in the form

  a,b d za d za  °, d y d y  d e d t  d pi d qi  d e d t

where the matrix of components are the 2 n  2 square matrix

 

° 0 0

0 0 1

0 1 0

, ° 
0 1n

1n 0
,

1n is the n dimensional square unit matrix
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Preliminaries and notation
Local coordinates z    2 n2

z1, ....z2 n, z2 n1, z2 n2  y1, ... y2 n, e, t , y1, ... y2 n  p1, ... pn, q1, ... qn

where a, b  1, ..., 2 n  2, ,  1, ... 2 n,

Darboux's theorem: locally the symplectic metric always can be put in the form

  a,b d za d za  °, d y d y  d e d t  d pi d qi  d e d t

where the matrix of components are the 2 n  2 square matrix

 

° 0 0

0 0 1

0 1 0

, ° 
0 1n

1n 0
, ° 

0 0 0

0 0 0

0 0 1

1n is the n dimensional square unit matrix

The degenerate orthogonal metric in these coordinates is defined as

°  °a,b d za d zb  d t2
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Symplectic group
Locally, pull back of basis of  : Tz

   Tz
  is

 : Tz
   Tz

  : d z  d z 
  z

 z
d z,  z 

 z

 z

Symplectic Symmetry: The invariance     is locally

  d zt  d z   d z t  d z  d zt t  d z  d zt  d z

t z   z  

Therefore :    2 n  2
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Affine group
Degenerate orthogonal line element has affine symmetry

°  d zt ° d z   d z t ° d z  d zt t  d z  d zt ° d z

 °  t z °  z
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Affine group
Degenerate orthogonal line element has affine symmetry

°  d zt ° d z   d z t ° d z  d zt t  d z  d zt ° d z

 °  t z °  z

Set  
 v

ut 

where  is a 2 n  1 dimensional real matrix, u, v  2 n1,   ,

0 0

0 1


t v

ut 

0 0

0 1

 u

vt 


v vt  v

 vt 2
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Affine group
Degenerate orthogonal line element has affine symmetry

°  d zt ° d z   d z t ° d z  d zt t  d z  d zt ° d z

 °  t z °  z

Set  
 u

vt 

where  is a 2 n  1 dimensional real matrix, u, v  2 n1,   ,

0 0

0 1


t v

ut 

0 0

0 1

 u

vt 


v vt  v

 vt 2
 v  0,   1

Therefore:  
 u

0 1
 2s 2 n  1,  .

Set   1

 , u  , u    , u   u , 1 , u   1, 1 u
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 2 n  2 n 2  2 n  1, 

 
 b

ct a
, u 

w

r
  

 u

0 1


 b w

ct a r

0 0 1

  2 n  1,  .

where  a 2 n dimensional matrix, b, w, c, a  2 n, a, r  
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For  to also be a element of the symplectic group,    2 n  2

  t z   z

° 0 0

0 0 1

0 1 0



t c 0

bt a 0

wt r 1

° 0 0

0 0 1

0 1 0

 b w

ct a r

0 0 1



t °  t ° b c  t ° w

bt °  0 a  bt ° w

ct  wt °  a wt ° b 0

.
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.

This requires that °  t ° ,    2 n
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° 0 0

0 0 1

0 1 0



t c 0

bt a 0

wt r 1

° 0 0

0 0 1

0 1 0

 b w

ct a r

0 0 1
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.

This requires that °  t ° ,    2 n , b  0, a  1, ct   wt ° 
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 2 n  2 n s n
Therefore,  is the matrix group

 , w, r 

 0 w

 wt °  1 r

0 0 1

   2 n , w  2 n , r  

Group multiplication and inverse given by matrix multiplication and inverse:

 , w, r  , w, r    , w   w, r  r wt °  w

1 , w, r   1, 1 w, r

It remains to show that it is the semidirect product  2 n   2 n s n
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 2 n  2 n s n
The subgroup  2 n is:

 , 0, 0 

 0 0

0 1 0

0 0 1

   2 n , w  0 , r  0

Group multiplication and inverse given by matrix multiplication and inverse:

 , 0, 0  , 0, 0    , 0, 0

1 , 0, 0   1, 0, 0
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 2 n  2 n s n
The subgroup  n is:

 12 n, w, r 

12 n 0 w

wt ° 1 r

0 0 1

  12 n, w  2 n , r  

Group multiplication and inverse given by matrix multiplication and inverse:

 1, w, r  1, w, r   1, w  w, r  r wt ° w ,

1 1, w, r   1, w, r

This is the Weyl-Heisenberg group,  n  n s n  1 ,  n  n, 
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 2 n  2 n s n
The subgroup  n is:

 12 n, w, r 

12 n 0 w

wt ° 1 r

0 0 1

  12 n, w  2 n , r  

Group multiplication and inverse given by matrix multiplication and inverse:

 1, w, r  12 n, w, r   1, w w, r  rwt ° w ,

1 1, w, r   1, w, r

This is the Weyl-Heisenberg group,  n  n s n  1 ,  n  n, 

Its algebra is

Y 
  1, w, r

 w wr0, I 
  1, w, r

 r
wr0, Y, Y   2 °, I
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 2 n  2 n s n
The subgroup  n is:
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 1, w, r  12 n, w, r   1, w  w, r  rwt ° w ,

1 1, w, r   1, w, r

This is the Weyl-Heisenberg group,  n  n s n  1 ,  n  n, 

Its algebra is

Y 
  1, w, r

 w wr0, I 
  1, w, r

 r
wr0, Y, Y   2 °, I

It is a normal subgroup of  2 n

 , 0, 0  12 n, w, r 1 , 0, 0   12 n, w, rwt ° w ,
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 2 n  2 n s n
  s is a semidirect product if  is a subgroup,  is a normal subgroup

   ,   
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 2 n  2 n s n
  s is a semidirect product if  is a subgroup,  is a normal subgroup

   ,   

For  2 n ,  2 n is a subgroup,  n is a normal subgroup

 , 0, 0  12 n, w, r   12 n, 0, 0 ,  , w, r   12 n, w, r  , 0, 0

Therefore

 2 n   2 n  2  2 n  1, 

is the semidirect product  2 n s n as claimed. 
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Recap
We have shown that if  be a diffeomorphism  :    that leaves the closed

symplectic two form and the degenerate orthogonal line element invariant:

   , °   °

Then locally the Jacobian

  z

 z
  z

is an element of

 2 n   2 n  2  2 n  1,    2 n s n .
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Recap
We have shown that if  be a diffeomorphism  :    that leaves the closed

symplectic two form and the degenerate orthogonal line element invariant:

   , °   °

Then locally the Jacobian

  z

 z
  z

is an element of

 2 n   2 n  2  2 n  1,    2 n s n .

What about Hamilton's Equations?
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Hamilton's equations
Notation

1, .., 2 n, 2 n1, 2 n2  1, .. 2 n, , 

Jacobian element of  2 n

  z

 z
  z

Expand

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t



 y, e, t 0 w y, e, t

wt y, e, t °  y, e, t 1 r y, e, t

0 0 1

,
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1, .., 2 n, 2 n1, 2 n2  1, .. 2 n, , 

Jacobian element of  2 n

  z

 z
  z

Expand

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t



 y, e, t 0 w y, e, t

wt y, e, t °  y, e, t 1 r y, e, t

0 0 1

,

 y, e, t

 y

 y, e, t

e
 0,

 y, e, t

 t
 1   y, e, t  t
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Hamilton's equations
Notation

1, .., 2 n, 2 n1, 2 n2  1, .. 2 n, , 

Jacobian element of  2 n

  z

 z
  z

Expand

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t



 y, e, t 0 w y, e, t

wt y, e, t °  y, e, t 1 r y, e, t

0 0 1

,

 y, e, t

e
 1   y, e, t  eH y, t
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Hamilton's equations
Notation

1, .., 2 n, 2 n1, 2 n2  1, .. 2 n, , 

Jacobian element of  2 n

  z

 z
  z

Expand

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t

 y,e,t

y

 y,e,t

e

 y,e,t

t



 y, e, t 0 w y, e, t

wt y, e, t °  y, e, t 1 r y, e, t

0 0 1

,

 y, e, t

e
 0   y, e, t   y, t ,

 y, t

 y
  y, t
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Diffeomorphism  expanded
To summarize, the diffeomorphism

 :    : z  z   z

can be expanded as

y   y, e, t   y, t ,

e   y, e, t  e H y, t ,

t

  y, e, t  t.

H and  are functions °  2 n  

H : °   : y, t  H y, t ,

 : °  ° : y, t   y, t ,
 y,t

y
  y, t   2 n .
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Time dependent canonical transformations
The time dependent canonical transformations  y, t

 : °  ° : y, t   y, t ,
 y, t

 y
  y, t   2 n .

may be regarded as the curves

y :   ° : t  y t   y, t
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Time dependent canonical transformations
The time dependent canonical transformations  y, t

 : °  ° : y, t   y, t ,
 y, t

 y
  y, t   2 n .

may be regarded as the curves

y :   ° : t  y t   y, t

The time dependent canonical transformations have the property that if
y   y°, t by chain rule

 y, t

 t

 y, t

 y

 y °, t

 t

34

© Stephen Low, 2009-10 V0.02



Time dependent canonical transformations
The time dependent canonical transformations  y, t

 : °  ° : y, t   y, t ,
 y, t

 y
  y, t   2 n .

may be regarded as the curves

y :   ° : t  y t   y, t

The time dependent canonical transformations have the property that if
y   y°, t by chain rule

 y, t

 t

 y, t

 y

 y °, t

 t

d y t

d t
  y, t

d y° t

d t

and as the group is connected, for some t°

y°   y°, t° ,  y°, t°  12 n
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Hamilton's equations:
 z

z
  z

 y,t

y
0

 y,t

t

H y,t

y
1

H y,t

t

0 0 1



 y, t 0 w y, t

wt y, t °  y, t 1 r y, t

0 0 1

.

H y, t

 y
 wt y, t °  y, t ,
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Hamilton's equations:
 z

z
  z

 y,t

y
0

 y,t

t

H y,t

y
1

H y,t

t

0 0 1



 y, t 0 w y, t

wt y, t °  y, t 1 r y, t

0 0 1

.

w y, t  ° t1
y, t

H y, t

 y

t

37

© Stephen Low, 2009-10 V0.02



Hamilton's equations:
 z

z
  z

 y,t

y
0

 y,t

t

H y,t

y
1

H y,t

t

0 0 1



 y, t 0 w y, t

wt y, t °  y, t 1 r y, t

0 0 1

.

w y, t  ° t1
y, t

H y, t

 y

t

w y, t 
 y, t

 t
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Hamilton's equations:
 z

z
  z

 y,t

y
0

 y,t

t

H y,t

y
1

H y,t

t

0 0 1



 y, t 0 w y, t

wt y, t °  y, t 1 r y, t

0 0 1

.

w y, t  ° t1
y, t

H y, t

 y

t

w y, t 
 y, t

 t


 y, t

 y

 y°, t

 t
  y, t

d y° t

d t
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Hamilton's equations:
 z

z
  z

 y,t

y
0

 y,t

t

H y,t

y
1

H y,t

t

0 0 1



 y, t 0 w y, t

wt y, t °  y, t 1 r y, t

0 0 1

.

w y, t  ° t1
y, t

H y, t

 y

t

w y, t 
 y, t

 t

 y, t

 y

 y°, t

 t
  y, t

d y° t

d t

d y° t

d t
  1 y, t ° t1

y, t
H y, t

 y

t

,
H y, t

 t
 r
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Hamilton's equations:
 z

z
  z

 y,t

y
0

 y,t

t

H y,t

y
1

H y,t

t

0 0 1



 y, t 0 w y, t

wt y, t °  y, t 1 r y, t

0 0 1

.

w y, t  ° t1
y, t

H y, t

 y

t

w y, t 
 y, t

 t

 y, t

 y

 y°, t

 t
  y, t

d y° t

d t

 y°, t

 t
  1 y, t ° t1 y, t

H y, t

 y

t

,
H y, t

 t
 r

This is Hamilton's equations

d y° t

d t
 °

H y, t

 y

t

,
H y, t

 t
 r
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Hamilton's equations:
 z

z
  z

 y,t

y
0

 y,t

t

H y,t

y
1

H y,t

t

0 0 1



 y, t 0 w y, t

wt y, t °  y, t 1 r y, t

0 0 1

.

w y, t  ° t1
y, t

H y, t

 y

t

w y, t 
 y, t

 t

 y, t

 y

 y°, t

 t
  y, t

d y° t

d t

 y°, t

 t
  1 y, t ° t1 y, t

H y, t

 y

t

,
H y, t

 t
 r

This is Hamilton's equations that in component form is

d y°
 t

d t
 °, H y, t

 y
,
H y, t

 t
 r y, t , y°  y° t°
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Theorem recap
As the converse is straightforward, We have proven the theorem:

Let  be a nondegenerate closed symplectic 2-form and ° a degenerate orthogo-

nal line element on extended phase space   2 n2.

Let  be a diffeomorphism  :    that leaves the closed symplectic two form

and the degenerate orthogonal line element invariant:

   , °   °

This is equivalent  locally satisfying a first order set of differential equations

that are Hamilton's equations.

Furthermore, these equations have the symmetry group

 2 n   2 n s n .

where  2 n is the usual real symplectic subgroup on phase space and  n is

the Weyl-Heisenberg group is the normal subgroup.
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Theorem recap
As the converse is straightforward, We have proven the theorem:

Let  be a nondegenerate closed symplectic 2-form and ° a degenerate orthogo-

nal line element on extended phase space   2 n2.

 2 n   2 n s n
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Physical meaning of the theorem
Elements of the semidirect product can be written

 , w, r   12 n, w, r  , 0, 0 .

 , 0, 0 acting on Tz
 ° is usual symplectic symmetry
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Physical meaning of the theorem
Elements of the semidirect product can be written

 , w, r   12 n, w, r  , 0, 0 .

 , 0, 0 acting on Tz
 ° is usual symplectic symmetry

Notation: Set w  f , v , w  2 n, v, f  n

12 n 0 w

wt ° 1 r

0 0 1



1n 0 0 f

0 1n 1 v

v  f 1 r

0 0 0 1

,
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Physical meaning of the theorem
Elements of the semidirect product can be written

 , w, r   12 n, w, r  , 0, 0 .

 , 0, 0 acting on Tz
 ° is usual symplectic symmetry

Notation: Set w  f , v , w  2 n, v, f  n

12 n 0 w

wt ° 1 r

0 0 1



1n 0 0 f

0 1n 1 v

v  f 1 r

0 0 0 1

,

 1, f

, v, r  1, f , v, r   1, f  f


, v  v, r f


v v f ,

1 1, f , v, r   1,  f , v, r

d  t

d t
 v 

H p, q, t

 p
,

d  t

d t
 f  

H p, q, t

q
,
H p, q, t

 t
 r,
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Noninertial transforms
Transformation  : Tz

   Tz
  : d z  d z   d z :

d p

d q

d e

d t




1n 0 0 f

0 1n 1 v

v  f 1 r

0 0 0 1

d p

d q

d e

d t

Group defines transformation to a general noninertial state
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Noninertial transforms
Transformation  : Tz

  Tz
  : d z  d z   d z :

d p

d q

d e

d t




1n 0 0 f

0 1n 1 v

v  f 1 r

0 0 0 1

d p

d q

d e

d t

d t

 d t

d q  d q  v d t  d q  d  t ,

d p  d p  f d t  d p  d  t ,

d e  d e v d p  f d q  r d t  d e  d H p, q, t .
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Noninertial transforms
Transformation  : Tz

  Tz
  : d z  d z   d z :

d p

d q

d e

d t




1n 0 0 f

0 1n 1 v

v  f 1 r

0 0 0 1

d p

d q

d e

d t

d t

 d t

d q  d q  v d t  d q  d  t ,

d p  d p  f d t  d p  d  t ,

d e  d e v d p  f d q  r d t  d e  d H p, q, t .
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Noninertial transforms
Transformation  : Tz

  Tz
  : d z  d z   d z :

d p

d q

d e

d t




1n 0 0 f

0 1n 1 v

v  f 1 r

0 0 0 1

d p

d q

d e

d t

d t

 d t

d q  d q  v d t  d q  d  t ,

d p  d p  f d t  d p  d  t ,

d e  d e v d p  f d q  r d t  d e  d H p, q, t .
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Noninertial transforms
Transformation  : Tz

  Tz
  : d z  d z   d z :

d p

d q

d e

d t




1n 0 0 f

0 1n 1 v

v  f 1 r

0 0 0 1

d p

d q

d e

d t

d t

 d t

d q  d q  v d t  d q  d  t ,

d p  d p  f d t  d p  d  t ,

d e  d e v d p  f d q  r d t  d e  d H p, q, t .

Kinetic term: v p, q, t  d p, if v 
p

m
, K  1

m
p d p 

p2

2 m

Work term:  f p, q, t d q if f 
U q

 q
, W  

U q

 q
d q

Power term: r p, q, t d t
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Noninertial transforms do not commute
 1, f


, v, r  1, f , v, r   1, f  f


, v  v, r f


v  v f ,

 1, f , v, r  1, f

, v, r   1, f  f


, v  v, r f


v  v f .
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Inertial transforms commute
 1, 0, v, 0  1, 0, v, 0   1, 0, v v, 0 ,

 1, 0, v, 0  1, 0, v, 0   1, 0, v v, 0 .
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Summary
Hamilton's equation have a Weyl-Heisenberg symmetry parameterized by veloc-

ity, force and power

 2 n   2 n s n
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Summary
Hamilton's equations have a Weyl-Heisenberg symmetry from the intersection of
the symplectic symmetry of  and the affine symmetry °  d t2.

Relativistic generalizations of Minkowski line element

d 2  d t2  1
c2 d q2  symmetry  1, n s m , m m1

2

d t2 is c  limit of Minkowski line element

Nondegenerate generalization is Born's metric

d s2  d t2  1
c2 d q2  1

b2 d p2  1
c2 b2 d e2 symmetry U 1, n

Quantum theory given by the projective representations of the inhomogeneous
groups that is equivalent to the unitary representations of the central extension of
the group. Mackey's nonabelian theorems can be used to compute these.

Thank you

More info at www.stephen-low.net or arXiv
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