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Introduction
Hamilton's equations have a symmetry

HSp(2n) ~ Sp(2n) @ H(N).

where Sp(2n) is the usual symplectic real matrix group on phase space and 4 (n)
IS the Weyl-Heisenberg group is the normal subgroup parameterized by velocity,
force and power.
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Introduction
Hamilton's equations have a symmetry
HSp(2n) ~ Sp(2n) @ H(N).

where Sp(2 n) is the usual symplectic real matrix group on phase space and H(n)

IS the Weyl-Heisenberg group is the normal subgroup parameterized by velocity,
force and power.

The homogeneous Galilei group 7SO (n) parameterized by rotations and veloc-
Ity transforms is a subgroup

T80 (n) c HSp(2n).

Stephen Low, 2009-10
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Theorem

Let w be a nondegenerate closed symplectic 2-form and y° a degenerate orthogo-
nal line element on extended phase space P ~ R2"*.

Let p be a diffeomorphism p ;[P — [P that leaves the closed symplectic two form
and the degenerate orthogonal line element invariant:

C()zp*(,(), yO:p*yO
This is equivalent p locally satisfying a first order set of differential equations
that are Hamilton's equations.

Furthermore, these equations have the symmetry group

HSp(2n) ~ Sp(2n) ®sH(N).

where Sp(2n) is the usual real symplectic subgroup on phase space and H(n) is
the Weyl-Heisenberg group is the normal subgroup.
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Preliminaries and notation

Local coordinates z e P ~ R2"2
(2, .20 2™ 2™ = (v Ly et), (Y ) = (ph N )
wherea,b=1, ..,2n+2, o,6=1, ...2n,
Darboux's theorem: locally the symplectic metric always can be put in the form
w= lpdZdZP =0, ,dy"dy—deadt =dp rdg —den dt
where the matrix of components are the 2 n + 2 square matrix
4—[g 8 ?1], §°=(?1 é”),
0 10 ;
1, Isthe n dimensional square unit matrix
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Preliminaries and notation

Local coordinatesz e P ~ R?"+?
(Zl, .mZZn, 22n+1, Z2n+2) _ (yl, y2n, e, t), (yl’ y2n) — (pl, pn’ ql’ qn)
wherea,b=1, ..,2n+2, a,=1, ...2n,
Darboux's theorem: locally the symplectic metric always can be put in the form
w= LpdZdA =0, ,dydy—derdt =dp rdg -den dt

where the matrix of components are the 2 n + 2 square matrix

00 01 000
g_[o ’ 1]’ (OZ(—l on)’ n°=[0 0 0]
0 10 " 001

1, iIsthe n dimensional sguare unit matrix

The degenerate orthogonal metric in these coordinates is defined as

v =1n°,,dAd2 = dt?

tephen Low, 2009-10 Vv0.02



Symplectic group
Locally, pull back of basisof p*: T, [P - T, P is
d0(2)

0@ 4, re =222
02 02

p T, P->T,P:dz— dz=

Symplectic Symmetry: Theinvariance w = p* w islocally
w=0727dz=Td2'¢Tdz=dZT"'¢Tdz=dZ/dz
eI (r@=¢

Therefore: I' € Sp(2 n + 2)
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Affine group

Degenerate orthogonal line element has affine symmetry
v =dZn°dz=Td2'n°Tdz=dZTI'¢Tdz=dZn°dz
on°=T@n° T
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Affine group

Degenerate orthogonal line element has affine symmetry
y=dZn°dz=Td2'n°Tdz=dZI"'¢(Tdz=dZn°dz
en°=T'@n° T2

B v
sar=(5Y)
u e

where Bisa2n+ 1 dimensional real matrix, u, ve R2™! e e R,

HAE N AP )
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Affine group

Degenerate orthogonal line element has affine symmetry
y=dZn°dz=Td2'n°Tdz=dZI"'¢(Tdz=dZn°dz
en°=T'@n° T2

setr=("> "
_(Vt 6)

where Bisa2n+ 1 dimensiona real matrix, u, ve R2™! ¢ e R,

00 B v/0 0\(B u YAVARY
(o 1):(ut e)(o 1)(vt e):(evt 62) 2V=0e=s2l

B u

Therefore: T = (O L1

) < Zz®sjg(2n+ 1, [R)

Sete=1
@B, u)I®B,u="r6B,u+Bu, I'B,u=>C(B" -B " u

V0.02
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HSp2n)=Sp2n+2)IGLE2n + 1, R)

> b W B u X bw
B:(ct a)’u:(r) = 1“:(0 1): C ar
0 01

where X a2 n dimensional matrix, b, w,c,acR?", a,r €R

eIG2n+1 R).

V0.02
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HSp2n)=Sp2n+2)IGLE2n + 1, R)

¢t arl|elG2n+1 R).

0 01

where X a2 n dimensional matrix, b, w, c,acR?", a,r €R

B_Zb (W F_Bu_ZbW
_(d a)’u_(r) ” _(0 l)_

For I" to also be a element of the symplectic group, I' € Sp(2n + 2)
(=TT

2 00 (st ¢ 0y 00 (= b w
(O 0 —1] bt a O}[O 0 —1][6 a r]

0 10 wr 1Jlo 10 Jlo 01
[ Stey Steeb —c+ Tow
= bt ° X 0 —a+bt 2w |

L+ WP a+w b 0

© Stephen Low, 2009-10 Vv0.02
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HSp2n)=Sp2n+2)IGLE2n + 1, R)

> 0w
> b W
B:(t ),u:(r) = Fz(ct ar lefg@2n+1,R).
¢ @ 001

where X a2 n dimensional matrix, b, w, c,acR?", a,r €R

For I" to also be a element of the symplectic group, I' € Sp(2n + 2)
(= T2 {T(2

2 00 (St ¢ 0)(° 00 \(Z bw
[O 0—1] bt aO][O O—l)[ctar]

0 10 w r 1)lo 10 Jlo o1
[ ostey Steeb —c+ Stew
= bt e X 0 —a+bt 2w |

(C+ WS a+wt b 0
Thisrequiresthat ° =3'° 2, X € Sp(2n)

© Stephen Low, 2009-10 Vv0.02
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HSp2n)=Sp2n+2)IGLE2n + 1, R)

Z bw
z b W
(2 0). = (") - r[ a1 |ergeniim
0 01

where X a2 n dimensional matrix, b, w, c,acR?", a,r €R

For I" to also be a element of the symplectic group, I' € Sp(2n + 2)
(=T (2{T (2

00 (3t ¢ 0\(° 00 \(Z b w
(O 0—1] btaO[O O—l)[ctar]

0 10 wtr 1/lo 10 Jlo 01
( Stes Steeb —c+ Tow
= bt ° X 0 —a+bt 2w |

L+ WS a+w b 0
Thisrequiresthat »° =33, 2 e Sp(2n), b=0

© Stephen Low, 2009-10 Vv0.02
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HSp2n)=Sp2n+2)IGLE2n + 1, R)

> 0w
> b W
B:(Ct a),u:(r) = Fz(ct a rlefg@2n+1, R).
0O 01
where X a2 n dimensional matrix, b, w, c,acR?", a,r €R

For I" to also be a element of the symplectic group, I' € Sp(2n + 2)
(= T2 {T(2

00 (st ¢ 0Y( 00 \(Z bw
[O 0 —1] bt a O}[O 0 —1)[6 a r]

0 10 w r 1Jlo 10 Jlo o1
(ST 0 —c+ Xew
= 0 o) —a J
L+ W T a 0

Thisrequiresthat °=3'°2, X e Sp(2n), b=0,a=1

© Stephen Low, 2009-10
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HSp(2n)=Sp2n+2)NIGL2n + 1,

> 0w
> b W
5=(50)u=(") - r{ 11 |ergensim
© 001

where X a2 n dimensional matrix, b, w, c,acR?", a,r €R

For I" to also be a element of the symplectic group, I' € Sp(2n + 2)
(=TI (2

” 00 (st ¢ 0Y( 00 \(Z bw
[O 0—1] bt aO][O O—l)[ctar]

0 10 wtr 1JL0 10 0 01
(XY 0 —c+ X lw
R ]
L+ w1l 0

R)

Thisrequiresthat °=3'°2%, X e Sp(2n), b=0,a=1, c' = —w' /° 2

© Stephen Low, 2009-10

V0.02



18

HSp(2n)=Sp(2n)®; H(N)

Therefore, I' isthe matrix group

2 0 w
F(Z,w,r):[ 1 r|ZeSp2n), weR?", reR
0 01

Group multiplication and inverse given by matrix multiplication and inverse:
FE,wW,rMIEwWN=TZZ,wW+Zwr +r-wxw
rewn=rz"-stw, -r
It remains to show that it isthe semidirect product HSp(2 n) ~ Sp(2n) ®< H(N)

© Stephen Low, 2009-10 Vv0.02
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HSp(2n)=Sp(2n)®; H(N)

Therefore, I' isthe matrix group

2 0 w
F(Z,w,r):[ 1 r|ZeSp2n), weR?", reR
0 01

Group multiplication and inverse given by matrix multiplication and inverse:
FE,wW,rMIEwWN=TZZ,wW+Zwr +r-wxw
rewn=rz"-stw, -r
It remains to show that it isthe semidirect product HSp(2 n) ~ Sp(2n) ®< H(N)

© Stephen Low, 2009-10 Vv0.02
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HSp(2n) = Sp(2n) @ H(n)

The subgroup Sp(2n) is:

) 00
[, 0,00=|0 10| zeSp2n), w=0,r=0
0 01

Group multiplication and inverse given by matrix multiplication and inverse:
,0,0rx00=I1xszo,0
r-z,00=r(z"0,0

V0.02
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HSp(2n)=Sp(2n)®; H(N)

The subgroup H(n) is.

12n O W
Fop, W, N =] -W 1 r] =1, weR?", reR
0 01

Group multiplication and inverse given by matrix multiplication and inverse:
A, w, "I w,nN=T1w+w " +r-wiw)

1, w,r)=r(, -w, —r)
Thisisthe Weyl-Heisenberg group, H(n) ~ AN) @< AN+ 1), A(N) =~ (R", +)

V0.02
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HSp(2n) =~ Sp(2n) @ H(n)

The subgroup H(n) is.

12n O W
T(lop, W, )= -w¢e 1 r] =1, weR?", reR
0) 01

Group multiplication and inverse given by matrix multiplication and inverse:
@, w, ") Tlonw, N =T(LwW+w, " +r-wiw)
I, wr)=ra,-w, -r)
Thisisthe Weyl-Heisenberg group, 7 (n) ~ A(N) @ AN+ 1), An) =~ (R", +)
Its algebrais

_ar@,w,r dT(L,w,r)

ye o | =
gwe mer=o or

lw=r=0 [Y“, Yﬁ] _ zévoa,ﬁ |

Stephen Low, 2009-10 Vv0.02
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HSp(2n)=Sp(2n)®; H(N)

The subgroup H(n) is.

12n O W
T(lop, W, )= -w¢e 1 rJ =1, weR?", reR
0) 01

Group multiplication and inverse given by matrix multiplication and inverse:
I, w, )Tl w,N=T1LwW+w,r +r-w'w),
ra,w,r=r, -w, -r)
Thisisthe Weyl-Heisenberg group, H(n) ~ AN) @ AN+ 1), A(N) ~ (R", +)
Its algebrais

~oT(L, w, ) T, w,r)
owe or
It isanormal subgroup of HSp(2n)

Y(I

wer=o, [Y®, YP|=20°%F]

|W:r:0; | =

['(Z, 0,0 T(1n, W, NTYE, 0,0) = [(1zn, ZW, r =W Zw),

© Stephen Low, 2009-10 Vv0.02
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HSp(2n) =~ Sp(2n) @ H(N)
G~ K®<H isasemidirect product if K isasubgroup, H isanormal subgroup
KNH=e, G==HK

V0.02
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HSp(2n)=Sp(2n)®; H(N)

G~ K ®:H isasemidirect product if K isasubgroup, H isanormal subgroup
KNH=e, G=HK

For HSp(2n), Sp(2n) isasubgroup, H(n) isanormal subgroup

', 0,0 NIT'1sywnN=I15,00, T'E,w,r)= T, w,rITZ, 0,0
Therefore

HSp(2n) ~Sp2n+2) (1 IGL2n + 1, R)
IS the semidirect product Sp(2n) ®sH(n) asclaimed. =

V0.02
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Recap

We have shown that if p be a diffeomorphism p:[P - [P that leaves the closed
symplectic two form and the degenerate orthogonal line element invariant:
(,l):p*(,(), yo:p*yo
Then locally the Jacobian
dp(2)
02
IS an element of

HSp(2n) ~Sp2n+2) (1 IGL2n + 1, R) =~ Sp(2n) @, H(N).

=1(2

V0.02
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Recap

We have shown that if p be a diffeomorphism p:[P - [P that leaves the closed
symplectic two form and the degenerate orthogonal line element invariant:
a)=p*a), yo:p*yo
Then locally the Jacobian
d0(2)
02
IS an element of

HSp(2n) ~Sp2n+2) (1 IGL2n + 1, R) =~ Sp(2n) @, H(N).

- T(2)

What about Hamilton's Equations?

V0.02
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Hamilton's equations
Notation

{,01, . ,02”, p2n+1, p2n+2} — {Ql, --an; e, T}

= —VVt(y, e, t)§° 2 (y’ €, t) 1 r(y! €, t) J

Jacobian element of HSp(2n)
0p(z
P2 _ r
02
Expand
( do(y.e)  do(y,et) do(y,el)
oy e O Z(y, et
oe(y,et) oelyet) oe(yet)
oy oe ot

\

or(y,et) or(yet) adr(y.et)

oy oe ot )

© Stephen Low, 2009-10

0

0 w(y, et

01
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Hamilton's equations
Notation

{,01, . pZn, p2n+1, p2n+2} — {Ql, "QZn’ e, T}

Jacobian e ement of HSp(2n)

00(2
p(2) - @
02

Expand
( aQ(y,e,t) aQ(y!e!t) aQ(y!e!t) \
dy de ot (Y, et 0 wiy, et

os(y,et) oe(y.et) oOe(y.et)
20e) Zeh b ol vy, e (e 1 ry.eb |
or(yet)  or(yed  or(y.eb 0 01

\ Yy oe ot )

oy, e t)  adr(y,et) 0 or(y, e t)
oy  de ot

1 => 7(y,6 t) =1

© Stephen Low, 2009-10 Vv0.02
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Hamilton's equations
Notation

{,01, . p2n, p2n+1, p2n+2} — {Ql, "QZn’ e, T}

Jacobian e ement of HSp(2n)

0p(z
P2 _ r
02

Expand
( do(y.e)  do(y.et)  do(y,en)
dy de ot (Y, et 0 wiy, et

oe(y,et)y oe(yel) Ode(y,et)
TR Sss IR = oWy, e D S(ye ) 1 or(y, et |,
or(yet) or(yed  or(y.eb 0 01

\ 9y oe ot )

oe(y, &)

=1 = ey, et)y=e+H(,1)

© Stephen Low, 2009-10 Vv0.02
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Hamilton's equations
Notation

{,01, . p2n, p2n+1, p2n+2} — {Ql, "QZn’ e, T}

Jacobian e ement of HSp(2n)

0
P2 _ r
02
Expand
( do(y,et) dolyel) doyet)
9 oe 4 (y, et 0 wy, et
oe(y,et oe(y,et oe(y,et
(gyE) (gee) (gte) = -wWi(y, e ) Z(y,et) 1 r(y,et) |,
or(y,et) dryet  ary.ed o) 01
\ 9y oe ot )
a ( ] e’ t) a ( ) t)
- 05 o e =pyl, S =y b

© Stephen Low, 2009-10 Vv0.02
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Diffeomorphism p expanded

To summarize, the diffeomorphism
p:P->P:z— 2= p(2
can be expanded as

y=o(y, &) =¢ey,1),
eé=¢(y,et)=e+H(y,1),

t=1(y,et)=t.

H and ¢ are functions P° ~R?"c P
H:P°xR >R :(y,t) > H(y, 1),
p: P°xR ->P°:(y, 1) = @y, 1),

op(Y,b)
ay

=2y, t) e Sp(2n).

V0.02
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Time dependent canonical transformations
The time dependent canonical transformations ¢(y, t)

dp(y, 1)

: P°xR - P°:(y,t , D),
2 xR = Y, ) > oy, 1) 9y

= 3(y, t) € Sp(2n).

may be regarded as the curves

dy: R > Pt gy(t) =y, 1)

V0.02
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Time dependent canonical transformations
The time dependent canonical transformations ¢(y, t)

dp(y, 1)

0. P°xR >P°:(y,t) > oy, 1), ay

= 3(y, t) € Sp(2n).

may be regarded as the curves

dy: R > Pt gy(t) =y, 1)

The time dependent canonical transformations have the property that if
y = ¢(y°, t) by chainrule

ey, 1) _ de(y, 1) dp(y°, D
ot oy ot

V0.02
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Time dependent canonical transformations

The time dependent canonical transformations ¢(y, t)

dp(y, 1)
oy

0. P°xR->P°:(y,) > oy, 1), =2y, ) e Sp(2n).

may be regarded as the curves

dy: R > Pt gy(t) =y, 1)

The time dependent canonical transformations have the property that if
y=(y°, t) by chainrule

0p(y, ) _ d¢(y, D) de(y®s 1)

ot oy ot
doy®) d ¢y (t)
dt 20 dt

and as the group is connected, for some t°

Yo =@(y°, t°), Z(Y°,t°) =1,

V0.02
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Hamilton's equations:

(- 0p(y.b)
ay
OH(y,h)
ay

0

oH(y, 1)
ay

Ap(2) = I'(2)

0z
Op(y,D)
0 =5 2 (y, 1 0wy, b
1 HOO |=[-wi(y, D Z(y, D) 1 riy,t) |-
ot 0 0 1
01

=Wy, t)° Z(y, V),

V0.02
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Hamilton's equations:

( Op(Y,b)
ay
AH(y,)
oy

0

wiy, ) = =237y, o)

dp(y,D) )
0 ot

oH(y,t)
. ot

01 )

(Y, 1)

0p(2) = '(2)

0z

0 w(y,t)

= Wiy, ) Z(y,t) 1 r(y,t)

0

oH(y, 1)
ay

:

01

V0.02
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Hamilton's equations:

( Op(Y,b)
ay
AH(y,)
oy

0

Wy, t) = =2y, )

W(Y, 1) =

dp(y,H)
0 ot

oH(y,t)
. ot

01 )

dp(y, 1)
ot

(Y, 1)

0p(2) = '(2)

0z

0 w(y,t)

= Wiy, ) Z(y,t) 1 r(y,t)

0

oH(y, 1)
ay

:

01

V0.02
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Hamilton's equations:

( Op(Y,b)
ay
AH(y,)
oy

0

Wy, t) = =2y, )

W(Yy, 1) =

dp(y,H)
0 ot

oH(y,t)
. ot

01 )

Iy, D _ 0y, D) de(y’, b _

ot

ap(z) _
oz I'@)

x(y, ) 0 w(y, 1)

= Wiy, ) Z(y,t) 1 r(y,t)
0 01

OH(y, t)]t
oy

d ¢y°(t)
oy ot =0 dt

V0.02
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Hamilton's equations: 22 = 1(2)

0z
( Op(y,b) 0 dp(y,t)
dy ot Z(y, t) 0 w(y,t)
OHYH ¢ HOD |=| Wiy, ) Z(y, 1) 1 r(y,t)
ay o 0 01
. O 01
B AH(y, t) 1t
Wy, t) = =2y, ) a(z )
dp(y,t)  dp(y, t) de(y°, 1) d gy (1)
= = :Z
Wiy D= =7 oy ot %Y=
d¢y°(t) _

OHY O IHOD

_y-1 t-1
=2y )T v, v 5y p

V0.02



41

Hamilton's equations: 22 = 1(2)

0Z
(70 TR sy 0wy, t
OH(y.) 1 OH(Y.D - _\Nt(y1 t)goz(y’ t) 1 r(y’ t) .
oy ot 0 01
.0 01
B AH(y, )1
Wiy, ) = =257 (y, o) a(z )
_de(y, ) ey, ) de(y?, 1) d dy-(1)
WY D= = Ty et Y gy
dp(y’, 1) 4 o i1 OH(y, 1" OH(y, )
e T v, b 0 | =

Thisis Hamilton's equations

dy(t) OH(y, )" OH(y, t)
dt __‘:o[ oy ] ot !

© Stephen Low, 2009-10 Vv0.02
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Hamilton's equations: 22 = 1(2)

0z
op(y, op(y,
(20 ) sy 0 wy,t)
OH(y.t) 1 OHyY | = _Wt(y, DIy, t) 1 r(yt)
oy ot 0 0 1
.0 01 )
B AH(y, )1

wy, ) =~ 57 (g, 0

dp(y,t)  dp(y, t) de(y°, 1) d gy (1)

f— — = >

Wy D ot oy ot S dt
op(y°, t . OH(y, )1t OH(y,t
ED x| ;z ] D

Thisis Hamilton's equations that in component form is

d gyt . OH(y,) dH(y, )
dt B ayﬁ ’ ot

— r(y1 t), yo — ¢y°(to)

V0.02
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Theorem recap
Asthe converse is straightforward, We have proven the theorem:

Let w be a nondegenerate closed symplectic 2-form and y° a degenerate orthogo-
nal line element on extended phase space P ~ R2"*2,

Let p be a diffeomorphism p ;[P — [P that leaves the closed symplectic two form
and the degenerate orthogonal line element invariant:

(,l):p*(,(), yo:p*yo
This is equivalent p locally satisfying a first order set of differential equations
that are Hamilton's equations.

Furthermore, these equations have the symmetry group

HSp(2n) ~ Sp(2n) ®H(N).

where Sp(2n) is the usual real symplectic subgroup on phase space and H(n) is
the Weyl-Heisenberg group is the normal subgroup.

V0.02
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Theorem recap
Asthe converse is straightforward, We have proven the theorem:

Let w be a nondegenerate closed symplectic 2-form and y° a degenerate orthogo-
nal line element on extended phase space P ~ R2"*2.

HSp(2n) =~ Sp(2n) ®sH(N)

tephen Low, 2009-10 Vv0.02
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Physical meaning of the theorem

Elements of the semidirect product can be written

F(Zs Ws r) — r(12n, W! r) F(Z! 01 O)
['(Z, O, O)actingon T, P° isusua symplectic symmetry

V0.02
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Physical meaning of the theorem
Elements of the semidirect product can be written

T, w, r)=Tn W, 1) T, 0, 0).
['(Z, 0, O)actingon T, P° isusua symplectic symmetry
Notation: Set {w} = {f, v} ,we R?", v, f € R"

o o (599
n

(;thoélr]jv —f 1 r |

0O 0 O0 1)/

V0.02
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Physical meaning of the theorem
Elements of the semidirect product can be written

T, w, r)=Tn W, 1) T, 0, 0).
['(Z, 0, O)actingon T, P° isusua symplectic symmetry
Notation: Set {w} = {f, v} ,we R?", v, f € R"

o 0w (3101
o} n
[(;th élr]iv—flr’

0 O 0 1)/

r@a, f,onra, f,v,n=01, f+f,v+v,r+ fv-vf),
ra, f,v,n=ra, -f,-v,-n

d&w) _ _9dH(pa b dz® . _ dH(P.GYH JHP. G b _
dt ~  a9p ' dt oq ot

r,

© Stephen Low, 2009-10 Vv0.02



Noninertial transforms

TransformationT: TP > T;P:dz~dz=Idz:
(dpy (1, 0 0O fy (dp)
ddg O 1, 1 v dg
de v —f 1 r de
.df ) \0O O 0 1) \dt

Group defines transformation to a general noninertial state

V0.02
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Noninertial transforms
TransformationI': T; P ->T;P:dz—dz=Tdz:

(dpy (1, O
dg 0 1,
de v —f
.df ) \O0O O
di=dt
dg=dq+vdt
dp=dp+ fdt

0 f)
1 v
1 r

(dp)
dq
de

0 1)/

\dt )

dée =de+v-dp-f-dg+rdt

dg+d &V,
dp+d (),

de+dH(p,q,t).

V0.02
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Noninertial transforms
TransformationI': T; P ->T;P:dz—dz=Tdz:

(dp
dg
de
\dt )

di=dt

(1, O

0 1,
v —f

0 O

dg=dqg+vdt
dp=dp+fdt
dée =de+v-dp-f-dg+rdt

0 f)
1 v
1 r

(dp)

dq
de

0 1)/

\dt )

dg+d &),
dp+d (),

de+dH(p,q,t).

V0.02
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Noninertial transforms
TransformationT': TP -»T;P:dz—dz=Td z:

(dp)y (1, 0 0 fy) (dp)
dg O 1, 1 v dg
de v —-f 1 de
.df ) \0O 0O 0 1) \dt )

dif=dt
dg=dq+vdt = dqg+d &),
dp=dp+ fdt = dp+dnx(),

dée =de+v-dp-f-dg+rdt = de+dH(p, g, ).

Stephen Low, 2009-10
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Noninertial transforms
TransformationI': T; P ->T;P:dz—dz=Tdz:

(dpy (1, O
dd 0 1,
de | |v -f
.df ) \0 O
dif=dt
dg=dq+vdt
dp=dp+ fdt

0
1
1
0

f

Y
r
1)

(dp)

dq
de

\dt )

dée =de+v-dp-f-dg+rdt

Kinetic term: [v(p, g, t) -d p,

Work term: — [f(p, g, t)-d g

Power term: [r(p, g, t)dt

en Low, 2009-10

= dg+d &,
= dp+dx(),

= de+dH(p,q,t).
ifv=2 K=21[p-dp=

if f = aU(Q) W faU(CI)

P
2m

q

V0.02



Noninertial transforms do not commute
r, f,o9nra@, f,v,n=01, f+f,v+y,r+fv-vf)

ra, f,v,nr(d, f,vr)=0(1 f+f,v+v,r-fv-vf)

A\
State 1 . N /_\
() WJ.Tr) #2 )
S VAP
W, J.|\7) (O, [, 1)
_ /. = ~\h
(A V. /.73 )
M

;;;;;;
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Inertial transforms commute
I'1,0,v,0I@,0,v,0=I(,0,v+V,0),
I'a,o,v,0I(,0,v,0=1I(1,0,v+V,0).

gmw

(T)D 09 0) (V State 3

(v, 0,10) (v, 0, 0)
St\a"E;O State 2
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Summary

Hamilton's equation have a Weyl-Heisenberg symmetry parameterized by veloc-
ity, force and power

HSp(2n) ~ Sp(2n) ®sH(N)

V0.02
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Summary

Hamilton's equations have a Weyl-Heisenberg symmetry from the intersection of
the symplectic symmetry of w and the affine symmetry y° ~ d t2.

Relativistic generalizations of Minkowski line element

dr?= dt?- % dg? = symmetry O(L, n) @< AM) me=

dt?isc — oo limit of Minkowski line element
Nondegenerate generalization is Born's metric
ds = dtz—c—lquz—éd P? + - d €= symmetry U(1, n)

c? b?

Quantum theory given by the projective representations of the inhomogeneous
groups that is equivalent to the unitary representations of the central extension of
the group. Mackey's nonabelian theorems can be used to compute these.

Thank you

More info at www.stephen-low.net or arXiv

V0.02



