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Fundamental QM representation theorem

Physical states in quantum mechanics are rays V.
Rays are the equivalence classes of states in a Hilbert space H defined up to a phase

Wy =1y eV iff [y=€“l), ), ¥yeH, weR.
Physical observables are the square of the modulus that is same for any representa-
tive of the ray

|(¥p, Y = [ Yadl* = | (U %>|2

A projective representation of a symmetry Lie group G leaves invariant the square of
the modulus

|f q’cy :Q(g)Tcx , J EQ
| (¥, PI? = (5, ¥o)l%,

Theorem (Bargmann, Mackey): A projective representation of a connected Lie group
IS equivalent to the ordinary unitary representations of its central extension



Central extensions

The central extevnsion of a connected group G by the abelian group Z is the unique
maximal group G satisfying the short exact sequence
esZ>G>G-e, Z=~AR®AM).
A is a finite abelian group and A(m) ~ (R™, +). The exact sequence decomposes into
es>A->GoGoe eo>AM-o>GoGoe
where G is the universal cover and A is the fundamental homotopy group.

As G, G are simply connected, they are characterized by their algebra.
Central extension of the algebra: Given a basis { X3} of the algebra of a group G

[Xar Xp] = Cap Xc
find maximal set of generators { X5, Ai}

[Xa, Xol = Cop Xe+Chp A, [Xa, Al=0, [A, Ajl=0
that satisfy the Jacobi identities where we discard trivial cases X — X5 + Aa.
Simply connected group for this algebra is G.



Semidirect product theorems

Levi’s Theorem: Any simply connected group G is equivalent to the semidirect prod-
uct G ~ K ®s N where K is a semisimple group and N is a solvable normal group

Levi's theorem always applies to a central extension G as it is simply connected.

Automorphism Theorem: A semidirect product G ~ K ®; N with N as a normal sub-
group is homomorphic to a subgroup of Aut .

Mackey Semidirect Product Representation Theorems: Provide a prescription for
determining the unitary irreducible representations of G = K ®s N in terms of certain
representations of the Little group K° and stabilizer G° ~ K° ®; N. Valid for non-
abelian N.



Special relativistic qguantum mechanics

A well known example is the formulation of inertial states of special relativistic quan-
tum mechanics as the projective representation of the inhomogeneous Lorentz group

TLA N =LA, NAN+1), AM=R"™, +)
It does not have an algebraic extension; central extension is the cover. Forn=3

Satisfies Levi's theorem: The semisimple group is K ~ SL(2, C) and the solvable nor-
mal subgroup is N =~ A(4).
Unitary representations of Poincaré group determined using Mackey’s theorems.




Nonrelativistic limit

In the ‘nonrelativistic’ ¢ — oo limit, £ (1, n) - &(N) ~ SO(N) ®s A(N)
Non-relativistic inertial state symmetry is
78(N) ~E(N) ®s AN+ 1)
Algebrais Z=a"1J, ;+V G +d P +tE
[Ji,jy kil = Jjkdit +Jdiidjk—Jdikoj)— Jji0ik
[Ji.j» Gl = Gjoix—Gi ok, [Jdi,j, Pl =Pidjk—Pjdix
[(Gi, E]|=P;, [Gi, Pd=0.
Admits algebraic central extension [G;, Px] = M §; k
Central extension is 7&(n) = Ga (n)
Ga(n) ~EN) Qs (AN+ 1) ® A(L))



Nonrelativistic limit

In the ‘nonrelativistic’ ¢ - oo limit, £ (1, n) - &(N) =~ SO(N) Q¢ A(N)
Non relativistic inertial state symmetry is
I7E(N) = 8E(N) @ AN+ 1)
Algebrais Z=a"1J, | +V G +d P +tE
[Ji,jy kil = Jjkdit +Jdii0jk—Jdikoj— Jji0ik
[Ji,j» Gl = Gjoik—=Gidjk [Jij, Pl =Pidji—Pjoix
[(Gi, E]|=P;, [Gi, Pd=0.
Admits algebraic central extension [G;, Px] = M §; k
Central extension is 7&(n) = Ga (n)
Ga(n) =~ &(N) Qs (AN +1) ® A())

There is no mention in either of these cases of the Weyl-Heisenberg group for which
the Hermitian representation of its algebra define the Heisenberg commutation rela-
tions fundamental to quantum physics.



Symplectic Symmetry on Phase Space

Consider phase space P ~R?" with an invariant symplectic metric w = lopdZdZ’
AP
‘P - P, (W) = w,

¢:P- ¢ (W) =w [ 557
The symmetry including translations is 7Sp(2n) ~ Sp(2n) ®<A(2nN).
The projective representations of 7Sp(2n) are the unitary representations of its cen-
tral extension

I8p(2n) = Sp(2n) @sH(N)

H(n) is the Weyl-Heisenberg group. The Hermitian representations of its algebra cor-

responding to the unitary representation of the group are the Heisenberg position-
momentum commutation relations.

] e Sp(2n)



Weyl-Heisenberg group

The abelian group A(2m) has algebra [A,, Azl =0, @, 5, ..=1, 2m
Admits m(2m - 1) dimensional algebraic extension |, z=—l3,
[ACH Aﬁ] = ch,ﬁa [ACH ch,ﬁ] = O’ [ch,ﬁ’ I’y,K] = O

The Weyl-Heisenberg is the simply connected group has an algebra that is 1 dimen-
sional extension of the abelian algebra

[Aaws Agl = Lapls Lop=—Cpa
It is the semidirect product
H(m) =~ AM) @ A(M + 1)
It is a real matrix Lie group, Y(w, ¢t) € H(m) realized by 2n+ 2 dimensional matrices

12n O Z
Y(zu=|-Z¢ 1 ZL], ze R?™ 1 eR
0 01

Y(Z, )Y(z 1) = Y(z’ +z, 0 0+ iZL Ztr z), Y~ Yz 0)=Y(-z —0)



Unitary representations of the Heisenberg group

The unitary representions of the Weyl-Heisenberg group H(n).

{Aat =1{Pi, Qi}, [Pi, Qjl=174i !,
From Mackey Theorems, Hilbert space is L%R", C). The Hermitian representation of
the algebra with Q diagonal is

. A A : 0

Ly(q) = v (@), Q (@ =aq Y@, Py =1vn aq Y(@), veR\0}

I

with commutators

[P, Q|=insT,
Group transformation is

(@) = o(Y(P, 8, 0 ) (q) = € Y2 AP Py — )



Weyl-Heisenberg automorphisms

Why does the 7Sp(2n) group constrain the abelian group central extension to the
Weyl-Heisenberg group?

States transform as |/) = o(Q) |¢), © a unitary representation of g e G. Generators
transform as

Qi=0@Qo@™, Pi=0@Pio@™ "=o@lo@*=T

In guantum mechanics, we want the Weyl-Heisenberg commutation relations to hold
at any point in the Hilbert space

inei =[P, Q= ins;l'=[Pi Q]
Representation is faithful and therefore G c Autyy

Auty; i =~ DRsSp(2N) @sH(N) =~ DSp(2n), D = (R0}, x)
where

DSp(2n) =~ D s ISp(2n)



Maximal quantum mechanical symmetry

Analysis applies also to extended phase space P =R?>™? {#1={(p, d, ¢, t}, zeP,
with symplectic metric

w=LlypdZAdZ? =6 ;dp Adg + dtade
Symmetry group is DSp(2n+2) and
DSp2Nn+2) ~ Auty 1)

Projective representations of DSp(2n+ 2) (that are the ordinary unitary representa-
tions of Auty 1)) IS largest symmetry group with

a normal Weyl-Heisenberg subgroup with a representation of its Hermitian algebra
that are the Heisenberg commutation relations.

[P, Q| =insi;l, |T,E=inl



Maximal quantum mechanical symmetry

Analysis applies also to extended phase space P =R?™? {#1={(p, d, ¢, t}, zeP,
with symplectic metric

w=LlypdZAdZ? =6 ;dp ~Adg + dtade
Symmetry group is DSp(2n +2) and
DSp2Nn+2) =~ Auty; iy
Projective representations of DSp(2n+ 2) (that are the ordinary unitary representa-

tions of Autyyny1)) IS largest symmetry group with

a normal Weyl-Heisenberg subgroup with a representation of its Hermitian algebra
that are the Heisenberg commutation relations.

[P, Q| =ins;l, |T,E=inl

This has the Weyl-Heisenberg group and Heisenberg commutation relations but
there is no mention in this phase space discussion of relativity (line element giving an
invariant definition of time.)



Relativity implications

Relativity regires the homogeneous group leave invariant the invariant time line
element

dr?= dtz—%dqz > dt?

C C—co
Consider the invariant Newtonian time, dt? .
Its invariance group is the affine group 7G£L(m—-1). For extended phase m=2n+ 2.
The group that leaves invariant both the Heisenberg commutation relations and the
Newtonian time is

DRsSp2n+2) N IGL2N+1) ~ HSp(2n) = Sp(2n) ®sH(N)
It is a matrix group with elements I' (A, w, t) =T'(1xn, W, t)I'(A, O, 0),

A 0O
I'A,0,00=({0 1 0|eSp2n), AeSp2n)
O 01
12n O W
I'lop, W, 1) = —Wt{ 1 r]eﬂ(n),we[RZ”,re[R
0 01




Diffeomorphisms with HSp(2n) symmetry

Let ¢ be diffeomorphism ¢:P — P leaving invariant the symplectic form w and the
degenerate line element dt?

6 (07
¢ (w) = w, ¢*(d tz) —dt? > la—(pﬁ] =T(A W, 1) e HSp(2n)
Z
AsT(A, w, t)=T(1on W, ) T(A, 0, 0), we can write ¢ = o where
(A 0 O
[%] =0 1 0 |e Sp(2n) are canonical transformations
0O 01
12n O W
[25]=|-w¢ 1 2r |e H(n) is Hamilton's equations
0 01
Letw=(f,v), f,veR"
o o N
Z:,) ZZ ;1 ;;mi 1,0 0 f
ap! aqgl de ot 0 1, O v
awZn.Jrl awZn.Jrl a‘pZnJrl a‘pZnJrl = Vv —f 1 r ]
aazriz aazquz aaszz o (Ztm 0 0 01
gpj %qj ‘Pag wat




Hamilton’s equations
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Hamilton’s equations
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Hamilton’s equations
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Hamilton’s equations
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Hamilton’s equations
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Hamilton’s equations
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HSp(2n) c Sp(2n+ 2) is the general local noninertial symmetry of Hamilton’s equa-
tions leaving time invariant.
Sp(2n) is the usual symplectic symmetry defining canonical transformations

H(n) is parameterized by velocity, force and power (power is the central element).
Noncommutativity simply means that two transformations that are noninertial do not

commute

Inertial subgroup &(n) that is parameterized by rotations and velocity is a subgroup of
HSp(n).



Quantum Mechanical Symmetry

The projective representation of
THSp(2n) ~ HSp(2n) QAN+ 2)
are the ordinary unitary representations of
THSp (2n) ~HSp 2n) ®@sH (n+ 1)
~Sp2N) R®sHN) R H(N+ 1)
If we require invariance of length, restricts Sp(2n) to SO(n)
THa(n) ~ Ha(N) Qs AN+ 2), Ha(n) ~ SON) @< H (n)
With the central extension
THa(n) =~Fa(2n) @s(H(N+1) Q@ A2))
~SO02nN)RsH(N) ®s(H(Nn+ 1) ® A2))
The Galilei group is an inertial subgroup.



